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Abstract 

After a review of the frequency - dependent angular pattern of interfer- 
ometers in the TT gauge for scalar gravitational waves (SGWs), which has 
been recently analysed by Capozziello and Corda, in this letter the result 
is used to study the cross correlation between the Virgo interferometer 
and the MiniGRAIL resonant sphere. It is shown that the overlap reduc- 
tion function for the cross correlation bewteen Virgo and the monopole 
mode of MiniGRAIL is very small, but a maximum is also found in the 
correlation at about 2710Hz, in the range of the MiniGRAIL sensitivity. 

PACS numbers: 04.80.Nn, 04.30.Nk, 04.50. +h 

The design and construction of a number of sensitive detectors for gravita- 
tional waves (GWs) is underway today. There are some laser interferometers 
and many bar detectors currently in operation and several interferometers and 
bars are in a phase of planning and proposal stages (for the current status of 
gravitational waves experiments see [U El [3J HI [5]). 

The results of these detectors will have a fundamental impact on astrophysics 
and gravitation physics. There will be lots of experimental data to be analyzed, 
and theorists will be forced to interact with lots of experiments and data analysts 
to extract the physics from the data stream. 

Detectors for GWs will also be important to verify that GWs only change 
distances perpendicular to their direction of propagation and to confirm or ruling 
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out the physical consistency of General Relativity or of any other theory of 
gravitation O [HI U US] . 

These detectors are in principle sensitive also to a hypotetical scalar com- 
ponent of gravitational radiation, that appears in extended theories of gravity 
like scalar-tensor gravity p] 22, HU E] and high order theories [7| l§| 151 US] . 

While the response of interferometers to tensorial waves has been calculated 
in lots of works (see for example |15 [ fT6 j fT7]). the coupling between interferome- 
ters and scalar waves is a more recent field of interest and it has not an analogous 
number of works in the literature. Only recently, Capozziello and Corda have 
shown that the response of an interferometer to massless SGWs is invariant in 
three different gauges known in literature in its full frequency dependence [6] 
while previous works started from the assumption that the wavelength of the 
SGW is much larger than the distance between the test masses (see [HI Ell [14] 
for examples). 

In this letter, after a review of the frequency - dependent angular pattern of 
interferometers in the TT gauge, which is due to provide a context to bring out 
the relevance of the argument, the result will be used to study a cross correlation 
between the Virgo interferometer and the MiniGRAIL resonant sphere [18} [T9] 
generalizing the analysis of [13] for a real detector. 

Following [6], in the TT gauge, for a purely massless SGW propagating in 
the positive z direction, with the interferometer located at the origin of the co- 
ordinate sistems with arms in the a? and if directions, the metric perturbation 
is given by (see [SIII1II3], and note that we work with c = 1 and h = 1 in this 
letter): 

h lxv {t-z) = $(t-z)e$, (1) 
where $<1, ejfj = diag(0, 1, 1, 0), and the line element is 

ds 2 = -dt 2 + dz 2 + [1 + $(t - z)][dx 2 + dy 2 }. (2) 

To compute the response function for an arbitrary propagating direction of 
the SGW one recalls that the arms of the interferometer are in the Ht and if 
directions, while the x, y, z frame of ^ is adapted to the propagating SGW. 
Thus a spatial rotation of the coordinate system is needed: 

u = — x cos 6 cos <f> + y sin + z sin 6 cos <f> 

v = — x cos 6 sin <j> — y cos <f> + z sin 6 sin <f> (3) 

w = x sin 9 -{- z cos 

or, in terms of the x, y, z frame: 
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Figure 1: a SGW propagating from an arbitrary direction 



x = — u cos cos <p — v cos w sm <p + w sin c 

j/ = u sin <j) — v cos <j) (4) 

2 = usin#cos0 + v sin # sin </> + wcosO. 

In this way the SGW is propagating from an arbitrary direction to the 
interferometer (see figure 1). 

The beam splitter is also put in the origin of the new coordinate system (i.e. 
u b = 0, v b = 0). 

The transformation for the metric tensor is |20| : 

ik _ dx 1 dx k /lm 

9 -dx> l dx>™ 9 ■ (5j 

By using eq. |(3|) , eq. |(4]) and eq. J5]) , the line element ((2]) in the it direction 
becomes: 

ds 2 = -dt 2 + [I + (1- sin 2 9 cos 2 (j})$(t~u sin 9 cos (j))]du 2 . (6) 

A good way to analyze variations in the proper distance (time) is by means 
of "bouncing photons" (see [U[T7] and figure 2). 
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Figure 2: photons can be launched from the beam-splitter to be bounced back 
by the mirror 



Let us compute the variaton of the proper distance that a photon covers 
to make a round-trip from the beam-splitter to the mirror of an interferometer 
with the line-element choice ((6|). 

A special property of the TT gauge is that an inertial test mass initially at 
rest in these coordinates, remains at rest throughout the entire passage of the 
SGW [6l [T2l |T3] . Here we have to clarify the use of words " at rest": we want to 
mean that the coordinates of the test masses do not change in the presence of 
the SGW. The proper distance between the beam-splitter and the mirror of the 
interferometer changes even though their coordinates remain the same [6} [13]. 

Putting the condition for null geodesies ds 2 = in eq. (JH) the coordinate 
velocity of the photon, which is a convenient quantity for calculations of the 
photon propagation time between the beam-splitter and the mirror [U[T7], is: 

dt' [1 + (1 - sin 2 cos 2 — u sin 8 cos d>)] 

Because the coordinates of the beam-splitter Ub = and of the mirror u m = 
L do not change under the influence of the SGW, the duration of the forward 
trip can be found as 

l{t)= J v(t' -usmecosct))' (8) 

with 

t' = t-(L- it). 

In the last equation t' is the retardation time (i.e. t is the time at which the 
photon arrives in the position L, so L — u = t — t'). 
To first order in $ this integral is approximated by 
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1 — sin 2 9 cos 2 6 f L 

Ti(i)=T-\ -/ - usmOcosfydu, (9) 

2 Jo 

where 



T = L 

is the transit time of the photon in the absence of the SGW. Similiary, the 
duration of the return trip will be 

m / % ™ 1 — sin 2 9 cos 2 </>/",, „ , . , , 

T 2 (t) = T + / -usin9cos(j))(-du), (10) 

2 Jl 
though now the retardation time is 

t' = t-u. 

The round-trip time will be the sum of T 2 (t) and T\ [t — T 2 {t)]. The latter can 
be approximated by T\(t — T) because the difference between the exact and the 
approximate values is second order in <I>. Then, to first order in $, the duration 
of the round-trip will be 

T r , t .{t)=T 1 (t-T)+T 2 {t). (11) 

By using eqs. |(9|) and (fTO)) we see immediatly that deviations of this round- 
trip time (i.e. proper distance) from its imperurbated value are given by 

(12) 



ST ^ = l-sin 2 6 cos 2 4> jL _2T + U (l - sin 6 cos <f>))- 



sin 9 cos cf>))]du. 

Now, using the Fourier transform of the scalar field, defined by 



/oc 
dt$(t)exp(iujt), (13) 
-OO 

the analysis can be transled in the frequency domain obtaining 

^ = T U H$M (14) 
where the total response function in the Tt direction is given by: 



(15) 



T «( w ) = 2^M + exp(2^L) + 

+ sm#cos(^((l + cxp(2iuuL) — 2expiuiL(l + sin 9 cos <p))]. 
In the same way the line element ^ in the it direction becomes: 

ds 2 = -dt 2 + [1 + (1 - sin 2 6» sin 2 <?!>)$(£ - v sin 9 sin cj))}dv 2 , (16) 
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thus, with the same analysis of the it direction, the total response function 
in the it direction is obtained: 

(17) 

+ sin 9 sin <fi((l + exp(2iu>L) — 2 exp iuiL(l + sin 9 sin (j>))] . 

Then, the total response function of an interferometer, defined by H{uj) = 
T u (uj) - T v (w), is: 

H(lu) = |i s -f : {cos(/)[l + exp(2iwL) - 2expiujL(l + sin 9 cos </>)] + 

(18) 

— sin0[l + exp(2iojL) — 2expiwL(l + sin 9 sin </>)]}. 

Eq. (fl8|) is also in perfect agreement with the detector pattern of [13] and [H] 
in the low frequencies limit (lo — > 0): 

-> 0) = - sin 2 6» cos 20. (19) 

In figs. 3 and 4 the absolute value of the total response function of the 
Virgo interferometer (L = 3 Km) ) for SGWs with 9 = j and = ^, and the 
angular dependence of the response of the Virgo interferometer for a SGW with 
a frequency of / = 100Hz are shown respectively. 

Now, the analysis of [13] , where a cross correlation between the Virgo in- 
terferometer and a hypothetical resonant sphere in Frascati, near Rome, was 
studied, will be generalized for a real detector, the MiniGRAIL sphere [I8t 119). 

In [13] the overlap reduction function for SGWs has been computed gen- 
eralizing the well known Flanagan's overlap reduction function for ordinary 
(tensorial) GWs defined in [21]. The overlap reduction function for SGWs has 
also been computed in |22J. 

In the cross correlation between a sphere and an interferometer, the monopole 
mode of a resonant sphere is especially interesting, because it cannot be excited 
by tensorial waves [331 [22] ■ 

The authors of [13] found the relation (see eq. (56) of [13] ) 

r(/) = (sin 2 0cos20)j 2 (2^/rf), (20) 

where j% is the second spherical Bessel function and 9 and <fi are the angular 
coordinates of the MINIGRAIL sphere with respect the Virgo interferometer, 
(see figure 5). 

In eq. |20|) the low frequencies approximation lfl9|) has been used. Replac- 
ing the low frequencies approximation with our frequency dependent angular 
pattern (fT8jl the more general overlap reduction function is obtained: 

r(/) = ^i£|{cos0[l + cxp(4i7r/L) - 2exp j27r/L(sin6»cos0- 1)] + 

(21) 

— sin0[l + exp(4i7r/X) — 2 cxp i2ir fL (sin 9 sin <fi — l)]}j 2 (27r/d). 
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Figure 4: the angular dependence of the response of the Virgo interferometer 
for a SGW with a frequency of / = 100Hz 
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Figure 6: the absolute value of the total response function of the Virgo interfer- 
ometer to SGWs for the Virgo- MiniGRAIL direction. 

MiniGRAIL works in the frequency range between 2670 — 3130Hz [181 [T9] with 
a resonance frequency of about 2900Hz, and, because the angular pattern in 
the Virgo- MiniGRAIL direction is almost constant in this range (figure 6), the 
function j2(2nfd) is a good approximation for the frequency dependence of the 
overlap reduction function. 

In figure 7 the frequency dependence of the overlap reduction function for 
the approximate distance between the location of the Virgo interferometer and 
the location of the MiniGRAIL resonant sphere in the MiniGRAIL frequency 
range is shown. The location of MiniGRAIL is Lat. N 52.16, Lon E 4.48, while 
the location of Virgo is Lat. N 43.63, Lon E 10.50 and the Virgo-MiniGRAIL 
distance is about 1090 kms. Figure 7 shows that the overlap reduction function 
for the Virgo-MiniGRAI cross correlation is very small, but there is a maximum 
at about 2710Hz. Approximately this maximum is reached when 

( I )( - ) ~ i (22) 

y 2710Hz n 1090km' ' v ' 

Reasuming, in this letter the frequency - dependent angular pattern of in- 
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Figure 7: the frequency dependence of the Virgo-MiniGRAIL overlap reduction 
function in the MiniGRAIL frequency range 
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terferometers in the TT gauge has been reanalyzed following [6]. After this, the 
result has been used to study a cross correlation between the Virgo interferom- 
eter and the MiniGRAIL resonant sphere generalizing the analysis of [13] for 
a real detector. It has been shown that the overlap reduction function for the 
cross correlation bewteen Virgo and the monopole mode of MiniGRAIL is very 
small, but a maximum in the correlation has also be found at about 2710Hz, 
in the range of the MiniGRAIL sensitivity. 
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